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Exercises - Week 4



Review of linear elasticity
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Linear elasticity 
      where              is a 4th-order tensor with 81 coefficients.

■ Symmetry of stress tensor
■ Symmetry of strain tensor
■ Strain energy energy

reduction 
to 21 

coefficients

Voigt notation



■ Orthotropic

■ Isotropic

Review of material symmetry
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■ Anisotropic

■ Transversally isotropic

21 parameters

5 parameters 2 parameters 
(Lamé moduli)

9 parameters

3

21



What type of material is this?
■ Material 1

■ Material 2

1. Isotropic
2. Transversally isotropic
3. Orthotropic
4. Anisotropic

Material symmetry
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Isotropic layers
1. Isotropic
2. Transversally isotropic
3. Orthotropic
4. Anisotropic ...



What type of material is this?
■ Material 1

■ Material 2
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Isotropic layers
1. Isotropic
2. Transversally isotropic
3. Orthotropic
4. Anisotropic ...



Isotropic layered media: Analytical solution
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Isotropic layered media: Analytical solution
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Effective stiffness tensor in 2D

with components

G. Backus’ solution  (1962):

e2

e1 e3



RVE boundary conditions
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Linearized kin.:

Different types of boundary conditions

RVE averages:

All three satisfy the Hill-Mandel condition



Bounds on effective moduli
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Reuss: Lower bound
Voigt: Upper bound



Quiz
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Assign the correct boundary conditions to each case.

■ a) 
■ b) 
■ c) 

a) b) c)

RVE  

L
L/2

?
■ Affine displacement
■ Periodic BCs
■ Uniform traction
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Assign the correct boundary conditions to each case.

■ a) 
■ b) 
■ c) 

a) b) c)

RVE  

L
L/2

■ Affine displacement
■ Periodic BCs
■ Uniform traction



Computational Homogenization
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Strategy: 
■ Compute the effective constitutive response of the material by solving a lower-scale boundary 

value problem from an RVE:

■ Special case: Linear elasticity

effective
material model



FEM Overview
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Python implementation
C

IV
IL

 4
08

K
.K

ar
ap

ip
er

is

14

homogenized_stiffness_*.py

assemble_global_
stiffness_matrix()

Geometry 
Lx, Ly, thickness

Mesh generation
 Nx, Ny

Material definition
E1 ,v1 ,E2 ,v2 , mat

Boundary conditions
u0 , Fext, {u+, u-}

Displacement

Global
Stiffness

apply_bcs_and_solve()

pre-processing

core fem computations

post-processing

input to function

output of function

To do

Legend

stress and 
strain

Problem definition

Homogenization

fem_model.py

compute_stress_and_strain()



Exercise - Laminate
C

IV
IL

 4
08

K
.K

ar
ap

ip
er

is

15

Grid size:

Material properties:

Find:

using:
- Affine displacement BCs
- Uniform traction BCs
- Analytical solution



Exercise - Laminate
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We will impose two types of boundary conditions:
Affine displacement    Uniform traction

RVE assumptions: 
• two-phase composite
• each phase is homogeneous, isotropic, linear elastic



Extracting elastic moduli
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From BCs to effective moduli:

With the computed average stress and strain tensor, we can write

where we assume that C* has 9 unknowns (due to numerical errors), viz



Extracting elastic moduli
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9 unknown moduli in 2D:
• apply three (linearly independent strain states)
• compute the three resulting stress states
• solve for the nine unknowns or obtain directly, e.g.,



Extracting elastic moduli
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When applying traction, we obtain the compliance tensor:

Enforce a uniaxial stress-state, e.g. in the 1-direction

Invert to get the tangent stiffness tensor



Exercise - Laminate
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Let’s move to the Python notebook



Solution
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Solution
Affine disp BCs:

Uniform traction BCs:

Analytical:


