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L Review of linear elasticity

Linear elasticity

O35 = Cz‘jklc?kl where Cz’jkl is a 4th-order tensor with 81 coefficients.

s Symmetry of stress tensor oij =050 — G =Chim |
= Symmetry of strain tensor exi=cik — Cijri=Cyn t to 21
= Strain energy energy 1/2¢;:Ciimierr —  Ciimt = Criis | coefficients
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Review of material symmetry

Anisotropic
Cii Ci2 Ci3
022 C23
(C _ 033
sym.

21 parameters

Transversally isotropic

Chn Cip Ciz3 0
Cn Ciz 0
Cs3 0
C=
Cuy
Sym.

5 parameters

[e i el e B )

044

[l NNl

(Cll - C(12)/2

12

m  Orthotropic

C;p Cip Ciz3 0 0 0
Coy  Coys 0 0 0
Cs33 0 0 0
Cya 0 0
sSym. 055 0
C(66
9 parameters
m Isotropic
Ci1 Cip Cha 0 0 0
Cii Cia O 0 0
Co Chn 0 0 0
B Cya 0 0
sym. Cu O
C44
Cyy = (C11 — Cha)/2
2 parameters Ev E

(Lamé moduli) ~ (G-2)0+v "7 20+
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What type of material is this?

PR

rpPONPR

Material symmetry

Material 1

Isotropic
Transversally isotropic
Orthotropic
Anisotropic

Material 2

Isotropic
Transversally isotropic
Orthotropic
Anisotropic

(a c d 0 0 o\
a d 0 0 0
b 0 0 O
C= e 0 0
Sym. e O
\ 0/2)
a,b,c,d,e € RT
Isotropic layers
A1, f1
Azauz\’
T
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What type of material is this?
Material 1

Material symmetry

Isotropic
Transversally isotropic

Orthotropic |

PlRIN =

Anisotropic

Material 2

Isotropic

Transversally isotropic |

P OINE

Orthotropic
Anisotropic

(a c d 0 0 0\
a d 0 0 0
b 0 0 O
C= e 0 0
Sym. e O
\ 0/2)
a,b,c,d,e € RT
Isotropic layers
A1, f1
Azauz\’
T
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L

Isotropic layered media: Analytical solution

JouRNAL oF GEOPHYSICAL RESEARCH VoruMe 67, No. 11 OctoBer 1962

Long-Wave Elastic Anisotropy Produced by Horizontal Layering

GeorGE E. BAckus

Institute of Geophysics and Department of Earth Sciences
University of California, La Jolla

Abstract. A horizontally layered inhomogeneous medium, isotropic or transversely isotropic, is
considered, whose properties are constant or nearly so when averaged over some vertical height '
For waves longer than I’ the medium is shown to behave like a homogeneous, or nearly homogene-
ous, transversely isotropic medium whose density is the average density and whose elastic coeffi-
cients are algebraic combinations of averages of algebraic combinations of the elastic coefficients
of the original medium. The nearly homogeneous medium is said to be ‘long-wave equivalent’
to the original medium. Conditions on the five elastic coefficients of & homogeneous transversely
isotropic medium are derived which are necessary and sufficient for the medium to be ‘long-wave
equivalent’ to a horizontally layered isotropic medium. Further conditions are also derived which
are necessary and sufficient for the homogeneous medium to be ‘long-wave equivalent’ to a hori-
zontally layered isotropic medium consisting of only two different homogeneous isotropic ma-
terials. Except in singular cases, if the latter two-layered medium exists at all, its proportions
and elastic coefficients are uniquely determined by the elastic coefficients of the homogeneous
transversely isotropic medium. The observed variations in crustal P-wave velocity with depth,
obtained from well logs, are shown to be large enough to explain some of the observed crustal
anisotropies as due to layering of isotropic material.
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G. Backus’ solution (1962):

Effective stiffness tensor in 2D
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£PFL. RVE boundary conditions
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Different types of boundary conditions

R

[,
t 14

t + 4

R

affine displacement BCs

Linearized kin.: U = €ox t=oon

RVE averages: (g) = gg (o) =09

uniform traction BCs

periodic BCs

ut =u +eolxt —x7)
tt = ¢
(€) = €0

All three satisfy the Hill-Mandel condition
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=PFL Bounds on effective moduli
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Reuss: Lower bound
Voigt: Upper bound

* * *
€-CRreuss€ < €-Ce < E‘Cvoigt€

1 - -1
( v"'i) < B < (1—’1))E1+’UE2

o
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=PFL Quiz
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=PFL Quiz

Assign the correct boundary conditions to each case.
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Computational Homogenization

Strategy:

Compute the effective constitutive response of the material by solving a lower-scale boundary
value problem from an RVE:

effective
material model

Special case: Linear elasticity

o(x)=C(z)e(z) =  (0)=CYe)

-
N
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FEM Overview

P=P (V)
. (W, quadrature
il materialmodel | ¢—¢ (vy rule

solver;
| AN z
‘ Fint(U.h) N cht_ 0 ’ \\‘ E
} ' o g local nodes g
| i i e s s {1,234}
: Uf‘HF. T F,, , elemen ¢ : E
| fel e assembler: ik* = e quadrature ,,,,, :
| points

L
mesh:
nodes.= {{1; (0,0)}; {2, (0.5:1.2) }, ...} SpatialDimension: 2D

connectivity = {{1,2,13,12}, ..., {18,19,32,30}, ...} DegreesOfFreedom: 2 (u,, u,)
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=PFL Python implementation
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e e e e e e e e e e e e e e
7

homogenized_stiffness_

Problem definition

——

Geometry
Lx, Ly, thickness

Mesh generation
Nx, Ny

Material definition
E,,vq,E;,v,, mat

Boundary conditions
uO ’ FEXt: {U+, U'}

Homogenization

N
T = = = = = = —

stress and

strain

v

022

)

€11
€22
2512

|

*

-py

fem_model.py

-

.

assemble_global_
stiffness_matrix()

Global K

Stiffness

apply_bcs_and_solve()

Displacement U

v

compute_stress_and_strain()

Legend

pre-processing

core fem computations
post-processing

input to function
output of function

Todo

-
S
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=PFL  Exercise - Laminate
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Grid size:
N =11 . .
Material properties:
le

. p
Find: N sish E> =1GPa, v, =0.45
CTlll CT122 (CT112 E g

5911 5992 5912 ]
Cla11 1222 1212 =
using: o EFi =100GPa, 17 =0.3

~J

- Affine displacement BCs

- Uniform traction BCs
L =1m

m CIVIL 408

- Analytical solution
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L Exercise - Laminate

We will impose two types of boundary conditions:
Affine displacement Uniform traction

RVE assumptions:
 two-phase composite
e each phase is homogeneous, isotropic, linear elastic

-
o
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=PFL Extracting elastic moduli

B CIVIL 408

From BCs to effective moduli:
With the computed average stress and strain tensor, we can write
(o) =C"(e)
where we assume that C* has 9 unknowns (due to numerical errors), viz
k 3k 3k
(o11) 1111 1122 1112 (€11)

1
(o22) | = 5911 5999 5912 €22)
(012) 1211 1299 1212 2(€12)
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=PFL Extracting elastic moduli
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9 unknown moduli in 2D:
e apply three (linearly independent strain states)

e compute the three resulting stress states

e solve for the nine unknowns or obtain directly, e.g.,

)&

1111
*
(32211

1211
*
1111

k
2211
*
1211

*
1122
*

(22222
*
1222

*
1122
*

(32222
*
1222

*
1122
*

(22222
*
1222

9
€
S

1112 () 1111
Cio12 0 2211
1212 0 1211
1112 0 1122
(C;212) <<5>> (2222 )
1212 0 1222
Cli1o 0 1112(€)
C§212 0 — 3212<
1212 () 1212(€)

€
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=PFL Extracting elastic moduli
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When applying traction, we obtain the compliance tensor:

<<‘511> 1111 1122 1112 <‘711>
(€22) | = 5011 5220 5212 (022)
2(e12) 1211 1292 1212 (012)

Enforce a uniaxial stress-state, e.g. in the 1-direction

<<‘511> 1111 1122 1112 <0> T111<0>
(e22) | = [ S5211 S50 S3919 0 = | S3511(0)
2(e12) 1211 1299 1212 0 1211(0)

Invert to get the tangent stiffness tensor

<011> 1111 1122 1112 <511>
<022> = 5911 5000 C3919 <
(012) 1211 1292 1212 2(e12)
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=PFL  Exercise - Laminate

Let’s move to the Python notebook

20
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=PFL - Solution
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(

Solution
Affine disp BCs:

61.45 11.82 0.18
11.82 24.67 0.42

0.

18

Uniform traction BCs:

042 14.13

5.95 7.34 0.0

) GPa

831 595 0.0
GPa
0.0 0.0 0.68

(

Analytical:

58.44 4.60 0.0
4.60 7.38 0.0

0.0

0.0 0.68

) GPa

L/2

L/2

le

rig.
=

E2 = 1GPa,
S

—

I
~

Vo = 0.45

N
-
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